Abstrzet--Large-strain elastic-viscoplastic torsion of circular tubes and solid bars of glassy polymers is investigated under fixed-end as well as free-end conditions. The analysis employs a large inelastic deformation model for glassy polymers that incorporates a recently proposed constitutive law for the so-called orientational hardening, which is identified to play a key role in the description of the deformation-induced anisotropy in glassy polymers. The solution of the problem is obtained numerically by means of simple, special purpose finite elements. Results are presented in terms of predicted torque vs twist curves for all cases. Furthermore, we present axial force vs twist curves for fixed-end torsion or elongation vs twist curves for free-end torsion, both phenomena being associated with anisotropic hardening. In some cases, the predicted stress distributions are also given. The differences between free-end and fixed-end torsion are emphasized. Numerical results predicted by the model are compared with experimental results for polycarbonate found in the literature. 
Torsion of a circular bar in the range of large plastic strains has recently been the subject of numerous investigations. One of the main reasons for this is that the torsion test provides an excellent means for obtaining experimental data for the constitutive behaviour of elastic-plastic solids at large to very large deformations. The major advantage over the standard tensile test is that deformations of a solid bar in torsion remain axially homogeneous up to final failure without giving rise to strain localization phenomena such as necking and shear banding. Evidently, torsional deformations are inhomogeneous in the radial direction, but this multiaxiality is lower and more easily tractable than the three-dimensional state inside necks, etc. This has been shown before for the large-strain torsion of metals in Refs [1] [2] [3] [4] [5] by means of a numerical method, and will be demonstrated here for glassy polymers.
Although torsion of a circular bar may appear to be a simple deformation process, the so-called Swift effect of notable axial extensions during large-strain torsion of a metal bar with axially free ends--studied first by Swift in 1947 [6]--is a fascinating and complex phenomenon. At room temperature, most initially isotropic metals tend to elongate during torsion when the specimen's ends are axially free (see also Refs [7, 8] ). An analogous effect is the development of an axial force when the ends of the bar are axially fixed. It has been firmly established that these axial effects at large plastic strains in polycrystalline metals are due to the development of texture (e.g. Refs I9,10]). Now, the constitutive modelling of the macroscopic behaviour of elastic-plastic solids, where proper account is given of the induced anisotropy associated with texture development, is currently considered one of the most challenging areas in continuum plasticity theory and has attracted a great deal of interest recently. It has been shown that the predictions of the axial effects show a remarkably strong dependence on the constitutive relations adopted [see e.g. Refs [1-5,10]). Thus, the torsion test seems to provide a simple yet effective means for assessing the adequacy of such constitutive models.
It has been found that the axial extension effect is more pronounced in thin-walled tubes man in solid bars [8] . In fact, many experimentalists have preferred torsion experiments on tubes over solid bars (see e.g. Ref. [11] ). Reducing the wall thickness of a tube will reduce the nonuniformity of the deformation, and if the tubes are extremely thin then the deformation can be approximated to be homogeneous so that the experimental results can be easily interpreted. In fact, many experimental procedures based on torsion have used thin-walled specimens for which the state of the deformation has been assumed to be completely uniform and, for fixed-end torsion, to be a state of simple shear (see e.g. Ref. [11] ). Unfortunately, in order to avoid buckling in a finite-deformation torsion experiment on a hollow tube, it is necessary that the thickness of the tube be at least 10-15% of the mean radius [12] . Therefore, these hollow tubes cannot really be considered to be thin and the deformation is not really homogeneous. In addition to this, a thin hollow tube is much more difficult to manufacture and grip than a solid bar, so that in view of the various experimental problems, thin-walled tubes seem to be of less practical importance at large strains. Consequently, the numerical simulation of both solid bars and (thick-walled) tubes under large-strain torsion, accounting accurately for nonuniform states of deformation, is of considerable practical significance.
It is expected that axial phenomena occur also in large-strain torsion of glassy polymers (see e.g. Ref. [13] ). The first finite element simulation of large-strain torsion of glassy polymers was developed very recently by the authors [14] . In that preliminary study, we have considered the solid-bar torsion of polycarbonate (PC) based on a constitutive framework developed by Boyce, Parks and Argon [15] . Their constitutive model incorporates rate-and temperature-dependent plastic flow, softening and subsequent orientational hardening, which are generally considered as key phenomena. We have compared the predictions of the axial effects for three different orientation hardening models, namely the three-chain model [15] , the eight-chain model [16, 17] and full network model [18, 19] . It was found that the predictions of the axial effects are sensitive to the orientation hardening relations adopted [14] .
In this paper, a numerical analysis of combined torsion and tension of circular solid bars as well as tubes is presented, focussing on both fixed-end and free-end torsion as limiting cases. The approach is based on special purpose, ring-shaped finite elements. These elements are effectively one-dimensional and allow for an efficient analysis of such problems. Differences between the behaviour in free-end and in fixed-end torsion are emphasized. Furthermore, the differences in behaviour of solid bars and of tubes are discussed. Numerical results predicted by the model are compared with experimental results for thick-walled polycarbonate tubes found in Ref. [13] .
Tensors will be denoted by bold-face letters. The tensor product is denoted by ® and the following operations apply (a = aije i (~ ej, h = bije i (~ ej): ab = aikbkje i (~ ej and a: b =a~jbo, with proper extension to higher-order tensors.
CONSTITUTIVE EQUATIONS
We start by briefly recapitulating the model for large inelastic deformations of glassy polymers developed by Boyce, Parks and Argon [15] , which will be referred to henceforth as the BPA model. The BPA model is developed within an internal variable framework, but at the same time is to a large extent based on the micromechanics and orientation behaviour associated with the molecular chain network structure of polymers and its affine deformation characteristics. In the BPA model, the microstructure of an initially isotropic amorphous polymer is assumed to consist primarily of long molecular chains, which are randomly coiled in space. Side groups protrude from the backbone chains at various locations and, in conjunction with the overall chain trajectory, can act as nodes, or points of physical entanglement. This results in a network-like structure much like that of rubber, but with the chemical crosslinks replaced by physical entanglements.
Following the pioneering work of Haward and Thackray [20] , it is assumed that a glassy polymer must overcome two distinct physical sources of resistance before large-strain inelastic flow may occur. Below the glass transition temperature, prior to initial yield, the material must be stressed to exceed its intermolecular resistance to segment rotation. Once the material is free to flow, molecular alignment occurs, resulting in an anisotropic internal resistance to further inelastic deformation, which is called orientational hardening; this will be discussed in Subsection 2.2.
The intermolecular resistance to plastic flow is considered to be due to the impedance imposed by neighbouring chains on the ability of a chain segment to rotate either individually or in a cluster. Based upon the assumption that plastic flow occurs by doublekinking of molecular chains, Argon [21] 
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Here, ~o is a pre-exponential factor, A is proportional to the activation volume/ Boltzmann's constant, T is the absolute temperature, So = [0.077/(1 -v)]p is the athermal shear strength,/z is the elastic shear modulus, v is Poisson's ratio and z is the applied shear stress. Boyce et al. [15] extended this expression to include the effects of pressure and strain softening. They used s + up instead of So, where p is the pressure and u is the pressuredependence coefficient. Further, s is assumed to evolve with plastic straining via = h 1 -~P, where h is the rate of resistance drop with respect to the plastic strain~ and sss is the assumed saturation value of s.
Three-dimensional representation
Consider the homogeneous deformation of a body so that its deformation gradient at a subsequent time is F. The deformation gradient may be multiplicatively decomposed into elastic and plastic parts, F = FeF p. Following Lee [22] and others, Boyce et al. [15] depart by taking F e to be symmetric, so that F p represents the relaxed configuration obtained by unloading without rotation (in the polar decomposition sense). Hence, F p can be decomposed as F p = VPR with the plastic stretch V p and the total stretch V in polar decomposition, F = VR being related by V = FW p. According to this decomposition, the velocity gradient is decomposed as:
where D is the rate of deformation, W is the spin, and L p = D p + W p = I~FP-1 is the velocity gradient in the relaxed configuration. With the adopted symmetry of F e, W p is algebraically given as W plus a term dependent on F e and D + D p (see Ref. [15] ). Since the elastic strains will remain small, we can neglect geometry differences between current and relaxed configurations, F e -I. When this approximation is carried through consistently, the constitutive equations can be simplified significantly, as discussed in Ref. [15] . In particular, it is noted that W p ~ W and D ~ D e + D p, with D e the symmetric part of
FeFe-1.
The rate of change of shape of the relaxed configuration, D p, must be constitutively prescribed. In the BPA model, the magnitude of O p is taken to be given by the plastic shear strain rate, ~P, according to Eqn (1), while the tensor direction of D p is specified by N, so that:
where the direction N is the deviatoric part of the driving stress ~* normalized by the effective equivalent shear stress r:
The driving stress ~* is itself defined by:
where o is the Cauchy stress tensor and B is a back stress tensor due to strain hardening resulting from molecular alignment as will be further discussed in the next section. In Ref. [15] , the Cauchy stress is taken to be given by the elastic constitutive law [23] :
where Le is the fourth-order isotropic elastic modulus tensor:
with E = 2(1 + v)p being Young's modulus and J = det F e. Although a different implementation is briefly mentioned in Ref. [15] to solve boundary value problems, we here wish to adopt a more typical viscoplastic rate formulation, as will be discussed in detail in the next section. As a consequence, we need the rate form equivalent of the elasticity Eqns (5) and (6) . Since the elastic strains are assumed to remain small, we may replace the hyperelastic law (5) with the hypoelastic rate form:
in terms of the same modulus tensor Le and employing the Jaumann stress rate b = # -Wo + ~tW to retain objectivity. The constitutive Eqn (7) can be finally arranged in the following form:
where #v = Le:D p acts as an instantaneous stress rate term that represents the viscoplastic contribution.
Orientation hardening
Once the material is stressed to the point of overcoming intermolecular barriers to chain motion, the molecular chains will tend to align along the direction of principal plastic stretch (e.g. Refs [20, 21] ). This action decreases the configurational entropy of the system which, in turn, creates an internal network stress. This process of network distortion is very similar to that of the rubber network, and Haward and Thackray [20] suggested describing this for uniaxial extension by means of a back stress determined through a Langevin spring, as suggested by non-Gaussian network theory. Boyce et al. [15] extended this approach to general three-dimensional plastic deformations by introducing a back stress tensor B which is taken to be coaxial with the plastic stretch tensor W. Thus, if e~ are the unit eigenvectors of V p, corresponding to a plastic stretch 2~', then the back stress B is constructed as:
from the principal components B~. Originally, they adopted the classical so-called threechain model, for which the principal components B 3 -oh of the back stress tensor are given in terms of the plastic stretches 2~' by (see e.g. Ref.
[243):
Here, C a is known as the rubbery modulus, N is a statistical network parameter related to the network locking stretch and M is the Langevin function defined by ~(fl) = cothfl -l/ft. However, very recently, Arruda and Boyce [16, 17] found that the three-chain nonGaussian network model was not capable of picking up the strain hardening observed experimentally in PC and PMMA. At the same time, they suggested modelling the network by eight equivalent chains instead of three, and obtained closer agr6ement with their experimental results for PC and PMMA. The principal components of the back stress tensor according to this eight-chain non-Gaussian network model are:
, 2v2= gi~ ,2r 2.
Both the three-chain and eight-chain models are based on approximate representations of the actual spatial distributions of molecular chains by "lumping" them in three and eight specific directions, respectively. Very recently, the authors developed the so-called full network model in which full account is taken of the orientation distribution of the individual chains in the network [18] . This model is a three-dimensional generalization for arbitrary deformation paths of the two-dimensional model for proportional deformations proposed by Treloar and Riding [25] . The principal back stresses according to this model can be given in two equivalent ways, depending on whether one considers the chain orientation distribution in the undeformed isotropic or in the current deformed state; here, we only reiterate the expression according to the first point of view, because it is more convenient for applications:
Here, the m ° are the components of the unit vector m ° in the orientation space (0o, tpo) defined by:
where 0o and ~0o measure the orientation of molecular chains relative to the principal s.tretch directions in the undeformed configuration. Furthermore, an accurate approximation of the full network predictions according to Eqn (11) has been found [18] in the form of a combination of the three-chain and eight-chain model predictions, Eqns (9) and (10), through:
thus avoiding the rather time-consuming integration procedure involved in Eqn (11). Here, P P pp is defined as being related to the maximal principal plastic stretch 2~ax = max(2~, 22, 23) via pp = 0.852~affx/~. All computations employing the full network model to be reported here have used the expression (12).
PROBLEM FORMULATION AND METHOD OF SOLUTION
We consider a uniform circular cylindrical tube of initial outer radius Roo initial inner radius Rio, and initial length Lo, which is subjected to a twist tp due to an applied torque M. Also, the bar may be subjected simultaneously to an axial force F associated with an axial displacement U. The end faces of the bar are constrained such that they remain plane and perpendicular to the axial direction, and it is assumed, in fact, that any cross-section of the bar remains plane. The lateral surfaces of the bar are traction-free and all properties are assumed to be axisymmetric and homogeneous along the axial direction. Although deformation-induced anisotropy may occur, the behaviour remains axisymmetric and is further assumed to remain uniform in the axial direction. Thus, we neglect the formation and propagation of macroscopic circumferential shear bands that may develop (see e.g. Refs [13, 29] ). Consequently, the bar remains circular cylindrical, and at the current deformed state has an outer radius Ro, an inner radius Ri, and a length L. This problem and the adopted numerical method are a natural extension of the solid bar problem studied in Refs [3] [4] [5] within the context of metal plasticity. In the sequel we give a brief, but complete, summary of the governing equations.
All governing equations will be referred to a spatially fixed cylindrical coordinate system x i = (r, 0, z) with orthonormal base vectors el. These base vectors are associated with the current state, so that the various tensor components to be used in the sequel represent the respective physical components. However, due account must be given to the fact that the base vectors are spatially fixed so that their material time derivative will generally not vanish since the coordinate system is curvilinear (see Ref. [26] ).
The kinematics of the problem are readily established. The deformations are such that if the initial coordinates of a material point are x~ = (ro,0o, Zo), its current coordinates are x i = (r, 0, z), where: r = r(ro;t), 0 = 0o + ~b(t)Zo, z = e(t)Zo, Wx2= -Z--e, W13=0, W23=~r e.
Regarding the stress state inside the bar, axisymmetry and axial homogeneity imply that the components of Cauchy stress a = triiei ® e~ satisfy a12 = a13 = 0, while a~ = a~j(r; t) otherwise. The resultant torque, M, and axial tensile force, F, are given by:
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.) Ri j while the lateral surfaces are traction-free, at 1 (Ri) = 0 and al~(Ro) = 0. Free-end torsion is analysed by specifying the boundary condition F = 0, while fixed-end torsion follows from the condition 6 = 0. It is observed that for the present axisymmetric problem, the pertinent quantities depend only on the radial coordinate r. This problem can be dealt with in an efficient way by means of special purpose finite elements in the radial direction as demonstrated in Ref. [3] . As shown schematically in Fig. la , the elements used are circular cylindrical tubes, with inner radius rl and outer radius r2 in the current configuration. Such an element is geometrically one-dimensional along the r-axis, with two nodes at r = r t and r = r2, respectively (see Fig. lb) . In addition to the overall axial displacement U and the angle of twist cp, the degrees of freedom of the element are the radial nodal displacements. It is numerically convenient to take the element's vector v of degrees of freedom as:
r 2 e e ' in terms of the radial nodal velocities t: t and 1:2. The radial velocity at any radius within the element is determined by assuming a linear interpolation of ?/r between the nodal values.
The element's force vector F dual to v, such that FTv is the rate of work of the loads on the element, is then given by:
where F,I and F,2 are the radial forces on the inner and outer surfaces of the element, respectively, and where M t and F ~ are the torque and the axial force, respectively, that act on the element. The total torque M and the total axial force F acting on the bar obtained by summation over all elements: M --~t Mr' F = ~.t Ft"
The governing FE equations are formulated within a framework using the concept of material sampling points and this leads to element equilibrium equations of the form:
where Y. is a vector containing the sampling point stress components and D is a matrix depending on the current geometry (see Appendix). Since the lateral surfaces of the bar are traction-free, not only must all internal nodal radial forces Fri vanish, but also the radial force at the outmost node at r = Ro and at the innermost node r = Ri. The rate equilibrium conditions at the current instant are obtained by straightforward time differentiation. After elimination of the stress rates by means of the constitutive Eqn (8), the following finite element equations for the unknown v are obtained:
(see Appendix). Here l~v acts as an additional force rate that represents the viscous terms and is calculated from a, appearing in Eqn (8).
The deformation process is then analysed employing a linear incremental solution procedure, based on a time step At, with simultaneous updating of the configuration. At each increment, the twisting increment A~ = ~bAt and the stretching increment Ae = ~At, as well as the nodal radial displacement increments, are obtained from the equations:
assembled for the entire bar. The equilibrium conditions (18) are included in the right-hand side in order to prevent drifting of the solution away from the true equilibrium path. Finally, the increments of the sampling point stresses are evaluated by Ao = #At and similarly for the other pertinent quantities, except for the back stress B which can be computed from the current plastic state of deformation instantaneously. 4 . RESULTS
The torsion problem described in Section 3 involves a number of nondimensional groups, and therefore we introduce the following quantities:
These quantities, along with the overall axial logarithmic strain e = lne can be used to efficiently present the overall response of the specimen, irrespective of its exact geometry. To enable a direct comparison with experimental data for PC from Ref. [13] we have taken the actual dimensions to be the same as in Ref. [13] , i.e. Roo ---3.175 mm and Lo = 6.35 mm, while the initial inner radius is Rio = 1.5875 mm for the tube. All numerical calculations were carried out at a constant twist rate ~b = 0.02 rad s-1 corresponding to a shear rate ---0.01 s-1. At room temperature (T = 294K), the following values of the parameters that determine the strain rate, temperature dependence and softening behaviour for PC are used: ~o=2xl01Ss -1, A=240KMPa -1, So=Ill MPa, ssdso=0.92, h=500MPa and ~t = 0.08, while Young's modulus and Poisson's ratio are taken as E = 2623 MPa and v = 0.3, respectively. Most of this data has been taken from tensile experiments reported in Ref. [27] ; however, the value of the shear strength has been fitted with the yield point observed in the torsion experiments [13] , while the saturation value Sss has been chosen to fit the softening behaviour observed during simple shear of PC by G'Sell [28] . The parameters C R and N that govern the orientational hardening are taken as C R = 3.7 MPa and N ~ 6 (see Reference 27 in Ref. [28] ). Admittedly, the material parameters have been compiled from different sources involving different experiments on material that is unlikely to be exactly the same, but because of the lack of sufficient experimental data, this was the best we could do. In any case, with the exception of the yield point, the torsion results to be presented here provide an independent comparison with the experiments in Ref. [13] .
In Ref.
[31 the predicted stress distributions for an incompressible elastic solid bar in fixed-end torsion were compared with the analytical solution available when the torsion angl.e is small. Even with only five elements, the stress distribution was represented with sufficient accuracy. In Ref. [4] further checks were performed for an incompressible elastoplastic material by comparison with highly accurate results from a semi-analytical method, and again it was found that sufficiently accurate results were obtained by using only five elements. However, for a tube, one cannot expect to get highly accurate results using only five elements, because of the intrinsic properties of the special element and the additional lateral inner boundary condition all(Ri)= 0 involved. In order to obtain sufficiently accurate results, we use a somewhat refined mesh near the lateral surfaces (especially near the inner surface) where high strain gradients are expected. Numerical experiments show for a tube that the computed torque and axial force, as well as the shear stress distributions, are not sensitive to the number of elements; however, the second-order effects, such as the radial stress distribution, are indeed rather sensitive to the number of elements used. Figure 2 shows a typical stress distribution for a twist corresponding to F = 2, using three different meshes consisting of five equally sized elements, 100 elements or 15 elements with a local refinement as shown in Fig. 3 (the stress distributions are plotted by linear interpolation between sampling point values). Clearly, the differences in predicted shear stress are very small, but the radial stress distribution near the inner radius with a uniform mesh comprising only five elements is very poor. Since this paper primarily focusses on the overall characteristics of torsion (torque, axial force, elongation, etc.) which are not very sensitive to deviations from the actual stress state, it was decided that the mesh shown in Fig. 3 for the tube would be sufficiently accurate. A similar mesh is used for the solid bar.
Fixed-end torsion
We first study the fixed-end torsion of PC specimens. This corresponds to invoking the axial boundary conditions ~ = t) = 0 and will lead to the development of an axial force F. Figure 4 shows the torque responses to fixed-end torsion of the tube and of the solid bar in terms of the torque M and the twist tp. Later, the torque responses are plotted in terms of the nondimensional torque ~ and the shear strain F defined in Eqn (20) . It is found that the overall trends obtained for the torque fixed-end torsion is similar to the evolution of the shear stress in simple shear as studied e.g. in Ref. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The response is characterized by: (i) an initially elastic response which ends at the yield point when the torsion angle ~0 is about 0.3 rad (F ~ 0.15); (ii) a small but significant torque drop after plastic deformation has been initiated, which at the current levels of strain must be attributed to the material softening; and (iii) a gradual hardening starting around tp ,~ 2 rad (F ~ 1) and which ends when the maximum plastic stretch at the outer radius approaches the locking stretch N 1/~ of the macromolecular chain network. Also shown are a number of experimental points taken from Ref. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . It is found that the constitutive model, together with the numerical tool used here, is capable of capturing a number of major characteristics of the plastic torsion behaviour in a qualitatively reasonable way. The small-strain viscoelastic effect observed in the experiments, as indicated by the deviation from the linear elastic response prior to yield, is not accounted for in the constitutive model. Although axial loads were not monitored during their experiments, Wu and Turner [13] stated that no axial force is expected during twisting of a tube made from an isotropic material if it does not undergo a volume change; if the material tends to change its volume an axial force may develop. Before presenting the axial loads found in our simulations, we first consider the volume changes predicted here. Figure 5 presents the evolution of the outer radius Ro and inner radius Ri during torsion of the tube. It is clear that both Ro and Ri decrease monotonically while the length of the specimen is kept fixed. It is also found from Fig. 5 that the thickness of the tube slowly increases. At the maximum twist, F = 2.2, the wall thickness has changed by about 4%, corresponding to a reduction in volume of the tube of only about 0.2%. It is emphasized that according to the constitutive model of Section 2, this volume reduction is entirely due to elastic deformations.
The predicted axial forces for the tube and for the solid bar are presented in Fig. 6 . It is found that, in terms of the dimensionless force #, the tube and the solid bar exhibit a similar axial response. The prime characteristic of the response is that the axial force developed during twisting is compressive. There appears to be a rapid initiation during the first elastic stage of the deformation, followed by a stage of little change after yielding and softening, while the axial force increases rapidly again during the strain-hardening stage. The value of the axial force attained prior to yielding is consistent with the dilatation of 0.2% mentioned above. In the model used here, volume changes are attributed to elastic deformations only, and with a value of the bulk modulus of B = E/J3(1 -2v)] = 2186 MPa, the compressive axial load agrees with that shown in Fig. 6 . Obviously, this argument cannot explain the subsequent three-fold increase with ongoing plastic deformation. The latter phenomenon must be attributed to the deformation-induced anisotropy associated with the deformation of the entangled molecular network in glassy polymers. As has been demonstrated in Fig. 2 , the stress distributions in the tube or solid bar are quite nonuniform. For practical purposes, it may be of interest however to have an approximate tool to link the twisting of a tube or solid bar to homogeneous simple shear. If the shear stress distribution is approximated to be constant across the entire cross-section, then this shear stress is readily found to be related to the applied torque M through the quantity ~So defined in Eqn (20) . To assess the accuracy of this approximation, we replot in Fig. 7 the torque responses found for the tube and solid bar in comparison with the shear stress response to homogeneous simple shear to a shear strain F obtained by direct straightforward integration of the constitutive equations (see Ref. [19] ). It is seen that the 0.15 simple representation in terms of { gives a reasonable estimate of the simple shear behaviour up to moderately large strains of the order of 1, but that at larger strains the stress inhomogeneity in the actual specimen becomes too large to give an adequate agreement. To assess the difference between the behaviour of the tube and the solid bar, we present the stress distributions across the solid bar when F = 2 in Fig. 8 . Comparing with the results for the tube shown in Fig. 2 , the shear stress in the tube is much more uniform than in the solid bar. The reason is that in the solid bar, the material close to the axis of the bar remains in the small deformation state up to the moment that the maximum plastic stretch at the outer surface approaches the limit stretch of the network.
Reducing the wall thickness of a tube will reduce the nonuniformity of the deformation. In fact, many experimental procedures based on torsion have used thin-walled specimens for which the state of deformation has been assumed to be completely uniform and, for fixed-end torsion, to be a state of simple shear (see e.g. Ref. [11] ). In order to check this hypothesis, we present the stress distributions in such a tube with Rio = 19/20Roo in fixed-end torsion in Fig. 9 . It is observed that the shear stress, the axial normal stress and radial normal stress are indeed uniform across the wall thickness with fair accuracy, but the hoop stress still exhibits a significant variation.
Free-end torsion
We proceed by studying the torsion of the same tube and the same solid bar as in the previous subsection, but under conditions of axially free ends. These conditions are obtained by imposing the opposite axial boundary condition to that in the previous case of fixed-end torsion, i.e. F = 0 in Eqn (16), thus allowing for an axial elongation e. Figures 10 and 11 present the torque responses and the accompanying axial elongation development in the tube and in the solid bar during free-end torsion. The difference between the tube and the solid bar in predicted torque is similar to that in fixed-end torsion. The torque responses found during free-end torsion differ rather little from those found in fixed-end torsion (Fig. 4) ; careful inspection shows that the free-end tests exhibit less strain hardening at the final stages of deformation. Figure 11 shows that the axial strains that develop during free-end twisting may attain quite significant values of up to 6%. The axial strain is found to increase almost linearly up to F ~ 1 while growing increasingly fast for larger twists. Figure 11 also shows a significant difference in elongation between the tubular and the solid specimen. Furthermore, it is interesting to note that the axial strain develops in a distinctly different manner from the axial forces during fixed-end torsion (Fig. 6) , and does not display a long-range plateau of very small apparent slope. Nevertheless, both second-order effects are attributed to the same feature of the material's response, namely deformation-induced anisotropy.
Wang et al. [29] give some experimental results for free-end torsion of solid specimens made of various types of polymers, including a PC. Their torque response is qualitatively similar to that shown in Fig. 10 , albeit the maximum shear strain attained in their experiments was only about 0.4, i.e. well in the softening regime. The particular type of PC used in those experiments is rather different from that assumed in the computations: the value of So estimated from the torque at yield is only about 90 MPa. Data for elongation and volume changes are only given in Ref. [29] up to yield, and thus represent only the elastic behaviour. The predicted stress distributions across the tube are shown in Fig. 12 .
CONCLUSION
In this paper, we have analysed the large-strain elastic-viscoplastic torsion of circular cylindrical tubes and solid bars under fixed-end, as well as free-end conditions, using a numerical method based on simple, special purpose finite elements.
The predicted response of a tube under fixed-end torsion has been compared with available experimental data for polycarbonate, based on material properties taken (with one exception) from independent sources. The calculation stopped at F = 2.2 when the maximum plastic stretch approached the locking stretch of the macromolecular chain network. Generally speaking, the agreement is reasonable, even though our simulations cannot reflect the initiation and propagation of macroscopic shear bands observed experimentally. Preliminary numerical studies of shear band propagation in simple shear with the same constitutive model [30] seem to support the approximation involved: the results suggest that the torque response during propagation is affected only slightly, while the response after propagation is completed is identical to that which occurs when the deformation is presumed to remain uniform during the entire process. A number of features in the experimental results are not picked up by the constitutive model. We shall return to this later.
As expected, stress distributions in a tube are more homogeneous than in a solid bar (see Figs 2 and 8) . For the tube considered here, the variations through the thickness of the tube are small for the shear stress, but can be large for the other stress components. It has been verified that if the tubes are very thin, then the deformation can be approximated as being homogeneous with fair accuracy and experimental results for torsion can be easily interpreted; however, such a specimen is known to be unstable at large strains (torsional buckling is a primary mode of failure for such a specimen). On the other hand, the numerical method developed here is capable of simulating large-strain torsion of tubes with any values of Rio (0 ~< Rio/Roo < 1). Furthermore, it is fairly easy to incorporate other viscoplastic constitutive models into this special finite element program. Therefore, it provides a useful tool to interpret experimental torsion results on thick-walled tubes or solid sl~ecimens, and thus to determine the material parameters appearing in the constitutive models.
The axial force in fixed-end torsion and the axial elongation in free-end torsion are mainly due to the development and the subsequent rotation of the induced anisotropy. For the amorphous polymers considered here, the anisotropy is associated with the stretching of the entangled molecular chain structure. It is well known that the prediction of such second-order phenomena generally shows a rather strong dependence on the constitutive models--in particular the description of anisotropic hardening. For large-strain torsion of a solid bar of polycarbonate, this has been studied in Ref. [14] by considering, in addition to the full network model, the simplified three-and eight-chain models. It is observed in Ref. [14] that all three orientation hardening models discussed in Section 2 give virtually identical axial force predictions up to F ~ 1. For large twists, the three-chain model predicts very large compressive axial forces, but when using the eight-chain model, the magnitude of the axial force reduces drastically. The axial force predicted by the full network model is in between that predicted by the three-chain model and eight-chain model, respectively. Similar phenomena have been observed for the predicted axial elongations during free-end torsion. Unfortunately, we have not been able to find any experimental data on axial force or elongation development during torsion of PC in order to compare these predicted results with experiments (Ref. [29] only gives such data prior to yield).
One of the most important differences between simulated and experimental response to fixed-end torsion is that our simulations tend to overestimate the strain hardening at large plastic strains. This is intimately connected with the affine network theory used here to model orientational hardening. As discussed in some detail in Ref.
[191 the idea of using an affine network theory to model the stretching of the molecular network assumes that the junction points in the network remain intact. However, it has been suggested in the literature (see e.g. Ref. [31] and [32] ) that physical entanglements in amorphous polymers are being pulled out during deformation. In terms of our network model, this would mean that the number of chains n reduces in the course of the deformation process, while the number of links N per chain increases, thus reducing the stiffness of the network.
Furthermore, especially the axial effects predicted here may depend sensitively on the particular way of incorporating deformation-induced anisotropy by means of the effective stress concept in Eqn (3). This is likely to be rather important in the above torsional problem, where the stress history is nonproportional and significant rotations of the principal axes occur. A totally different approach to modelling orientational hardening has been adopted in Ref. [33] . All these constitutive aspects require further study. The formulation of improved models and their implications for large-strain torsion are in progress and will be reported elsewhere. 
Here, the matrix S is determined by the elastic moduli L, in the constitutive law (8) . Due to symmetry of these moduli, the matrix S is symmetric. The matrix G contains contributions from the geometry dependence of the matrix D in the equilibrium equations (A3b), as well as a contribution from the convective terms appearing in the Jaumann derivative of o in Eqns (7) or (8) . It is noted that this G matrix and, as a consequence, the K matrix ate nonsymmetric; however, the final simple structure of the K matrix allows for a simple and efficient solution procedure. Furthermore, in Eqn (A7b), Zv is defined in terms of the stress rate Ov completely similar to Z.
The rate equations arc derived by straightforward time differentiation of the equilibrium conditions (A3b). Here it may be noted that due to the particular interpolation of the radial velocity field through Eqn (Ala), the sampling points do not coincide with material points; however, this difference may be neglected when the elements are sufficiently small and the total change of the radius of the bar remains small as compared with the initial outer radius Roo. After elimination of the stress rates which appear after differentiation by means of the constitutive relations (8), followed by elimination of the strain rates by means of Eqn (A3a), the finite element equations are found of the form:
